The potential of the A 2 quantum elliptic model (3-body Calogero elliptic model) is defined by the pairwise three-body interaction through Weierstrass ℘-function and has a single coupling constant. A change of variables has been found, which are A 2 elliptic invariants. In those, the potential becomes a rational function, while the flat space metric as well as its associated vector are polynomials in two variables. It is shown the model possesses the hidden sl 3 algebra -the Hamiltonian is an element of the universal enveloping algebra U sl 3 for arbitrary coupling constant -being equivalent to sl 3 -quantum top. The integral in a form of the third order differential operator with polynomial coefficients is constructed explicitly, being also an element of the universal enveloping algebra U sl 3 . It is shown that there exists a discrete sequence of coupling constants for which a finite number of polynomial eigenfunctions up to a (non-singular) gauge factor occur.
The A 2 elliptic model (3-body elliptic Calogero model, see e.g. [1] ) describes three particles on the line with pairwise interaction given by the Weierstrass ℘-function. It is characterized by the Hamiltonian
where ∆ (3) is three-dimensional Laplace operator, κ ≡ ν(ν − 1) is coupling constant. The
Weierstrass function ℘(x) ≡ ℘(x|g 2 , g 3 ) (see e.g. [2] ) is defined as
where g 2, 3 are its invariants and e 1,2,3 are roots, usually, it is chosen e ≡ e 1 + e 2 + e 3 = 0.
If in (2) the trigonometric limit is taken, ∆ ≡ g occurs. If both invariants g 2 = g 3 = 0 we arrive at A 2 -rational (3-body Calogero) model.
For future convenience we parameterize the invariants as follows
where τ, µ are parameters.
The Hamiltonian (1) is translation-invariant, thus, it makes sense to introduce center-ofmass coordinates
with a condition Z 2 (y 1,2 ↔ −y 1,2 ) and four translations T r,1(2) : y 1(2) → y 1(2) +1 and T c,1 (2) :
can make sense as a double-affine A 2 Weyl group.
Let us consider a formal eigenvalue problem
without posing concrete boundary conditions. Assume f (x) be a non-constant solution of the equation
Thus, it can be written as
(2),(3). Now let us introduce new variables
which have a property
x(−y 1 , −y 2 ) = x(y 1 , y 2 ) , y(−y 1 , −y 2 ) = −y(y 1 , y 2 ) .
They are invariant with respect to the partial symmetry of the Hamiltonian (5):
It can be shown that in rational limit τ = µ = 0 where the 3-body Calogero model emerges the variables x, y coincide with those found in Rühl-Turbiner [3] x = −(y
as well as ones in trigonometric limit µ = 0 where the 3-body Sutherland model emerges [3] 
here α is parameter such that τ = α 2 /12 . After cumbersome calculations it can be found that the elliptic Calogero potential (see (1) , (5)) in new variables takes a rational form,
where
It is worth noting that the potential (9) is symmetric in y, V (x, y) = V (x, −y) as well as D(x, y) = D(x, −y). Furthermore, 2D Laplacian (5) becomes the Laplace-Beltrami operator
which in (x, y)-coordinates looks explicitly as
Thus, the flat contravariant metric, defined by the symbol of the Laplace-Beltrami operator in these coordinates, becomes polynomial in x, y. The Hamiltonian is the sum of LaplaceBeltrami operator (11) with polynomial coefficients and rational potential (9) . Taking in the Laplace-Beltrami operator (11) in the rational limit τ = µ = 0, we arrive at the Laplace-
of the 3-body Calogero model [3] . If we take the trigonometric limit µ = 0, the Laplace-Beltrami operator ∆ (trig) g of the 3-body Sutherland model emerges [3] .
The denominator D in (9) turns out to be equal to the determinant of the contravariant
. It is worth noting some properties of the determinant D: in rational case D 1/2 is the zero mode of the Laplace-Beltrami operator
In trigonometric case
and in general case,
It easy to verify that the determinant D(x, y) given by formula (10) can be written as
where the function
is the Jacobian associated with the change of variables (y 1 , y 2 ) → (x, y) . Perhaps, the equation w 2 = 12 D(x, y) can be considered as the equation for the elliptic surface [11] . One can verify that W admits a representation in factorized form,
Here the Weierstrass σ-function [2] has the parameters g i given by (3) and e = −τ is a root of the ℘−Weierstrass function, ℘ ′ (−τ ) = 0. The function σ 1 is the σ-function associated with the half-period ω corresponding to the root −τ , thus, ℘(ω) = −τ . Then by definition (see [2] ),
There are two essentially different degenerations of the ℘−Weierstrass function to trigonometric case: (I) when e = −τ is double root, thus, e = 2τ is the simple root and then µ = 0, and (II) when e = −τ is a simple root and µ = . For the first degeneration the Jacobian
and for the second one the Jacobian is factorized as follows
where α is a parameter such that τ = α 2 /12 . The factorization of the case (I) cannot be generalized to the elliptic case where, in general, we have no multiple roots.
Surprisingly, the gauge rotation of (5) with determinant D (10) as a gauge factor
where E 0 = 3ν(3ν +1)τ , transforms the Hamiltonian H A 2 −E 0 into the algebraic operator(!),
Note the important Z 2 symmetry property of this gauge-rotated Hamiltonian h,
It implies that in the variables (u = x, v = y 2 ) the operator h remains algebraic,
It is an alternative algebraic form of the gauge-rotated operator (15). Note that the variables u, v are invariants with respect to the total symmetry of the Hamiltonian (5):
The operator h(x, y) has also a certain property of self-similarity: the gauge-rotated oper-
−ν) has polynomial coefficients as well as the corresponding
. It is easy to verify that
Evidently, the operatorh ν has the same functional form of the potential (9) as h ν .
Notice that these formulas define a representation (−3ν, 0) of the Lie algebra sl(3) in differential operators of first order (see e.g. [3] ). If spin of representation −3ν = n takes integer value, a finite-dimensional representation appears: the space
is preserved by J's. It can be easily shown that for any ν the operator h (16) can be rewritten in terms of sl (3) generators,
Thus, the gauge-rotated Hamiltonian h describes sl ( 
the Hamiltonian h has finite-dimensional invariant subspace P n as well as the Hamiltonian (5). Hence, there may exist a finite number of analytic eigenfunctions of the form
where polynomial P n,i (x, y) ∈ P n , see (19). For example, for n = 0 (at zero coupling),
For n = 1 at coupling κ = 4 9 , the operator h has three-dimensional kernel (three zero modes) of the type (a 1 x + a 2 y + b).
The first non-trivial solutions appear for n = 2 and κ = 10 9 .
Eigenvalues are given by the roots of the algebraic equation of degree 6,
given by
The corresponding eigenfunctions are of the form (a 1 x 2 + a 2 xy + a 3 y 2 + b 1 x + b 2 y + c). Using formulas (8) and (15), one can construct the corresponding eigenfunctions for operator (1) in an explicit form.
Observation: Let us construct the operator
− n is the Euler-Cartan generator of the algebra sl 3 (18). It can be immediately shown that the algebraic operator h (16) at integer n commutes with i
par (x, y) is the particular integral [5] of the A 2 elliptic model (5). It is known (see [1] ) that A 2 elliptic model is (completely)-integrable having a certain 3rd order differential operator k A 2 as the integral. Perhaps, the most easy way to find this integral is to look for it in a form of algebraic differential operator of the 3rd order, [h, k A 2 ] = 0. In the explicit form it is given by the following expression It is invariant with respect to y → −y,
similarly to the gauge rotated Hamiltonian h(x, y) (see (16)). Thus, after the change of variables (x, y) → (u = x, v = y 2 ) the operator k A 2 (u, v) remains algebraic. Let us note for (2 + 3ν) = 0 or, saying differently, for n = 2 the operator k A 2 becomes a 3rd order homogeneous differential operator, it contains 3rd derivatives only. This operator can be rewritten in terms of sl(3)-generators,
, where (cf.
(14))
and σ(x) and σ 1 (x) are the Weierstrass σ functions (see [2] ), might be an elliptic discriminant.
It has to be noted that the operator h(u, v) (see (17)) (as well as k A 2 (u, v)) can be rewritten in terms of the generators of the algebra g (2) : the infinite-dimensional, eleven generated algebra of differential operators [9] . It can have a finite-dimensional representation space,
This algebra is the hidden algebra of the G 2 rational and trigonometric models. It may remain the hidden algebra of the G 2 elliptic model.
In this paper we demonstrate that A 2 elliptic model belongs to two-dimensional quasiexactly-solvable (QES) problems [7, 8] . We show the existence of an algebraic form of the A 2 elliptic Hamiltonian, which is the second order polynomial element of the universal enveloping algebra U sl 3 . We construct explicitly the integral -commuting with the Hamiltonian -as the third order polynomial element of the universal enveloping algebra U sl 3 . If this algebra appears in a finite-dimensional representation those elements possess a finite-dimensional invariant subspace. This phenomenon occurs for a discrete sequence of coupling constants . A generalization of developed approach to A n elliptic models for n > 2 seems straightforward. It is worth noting that a certain algebraic form for a general BC n elliptic model was found some time ago in [10] (see also [4] ). It was shown also the existence of the sl(n) hidden algebra structure and it was shown that it is equivalent to sl(n) quantum top. It is evidently correct for n = 1. We plan to check validity of this conjecture elsewhere.
